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22.1
[1,6,14,15,16,18]
$x$ $n$ $x_{1},$ $\ldots,$ $x_{n}$
$0$ $N$ $K$ $\mathbb{Q}$
$\mathbb{C}$ $K[x]$ $(\mathbb{C}^{n}$ $)$ $O$ $H_{[\mathcal{O}]}^{n}(K[x])$
$H_{[\mathcal{O}]}^{n}(K[x]):= \lim_{karrow\infty}Ext_{K[x]}^{n}(K[x]/\langle x_{1}, x_{2}, \ldots, x_{n})^{k},$ $K[x])$ $X$ $\mathbb{C}^{n}$ $O$




$x^{\kappa}[ \frac{1}{x^{\lambda+1}}]=\{\begin{array}{ll}[\frac{1}{x^{\lambda+1-\kappa}}] \lambda_{i}\geq\kappa_{i}, i=1, \ldots, n0 otherwise\end{array}$
$\kappa=(\kappa_{1}, \ldots, \kappa_{n})\in N^{n},$ $\lambda=(\lambda_{1}, \ldots, \lambda_{n})\in N^{n},$ $\lambda+1-\kappa=(\lambda_{1}+1-\kappa_{1}, \ldots, \lambda_{n}+1-\kappa_{n})$
$O$ $f\in K[x]$ $H_{f}$
$H_{f}:= \{\psi\in H_{[\mathcal{O}]}^{n}(K[x])|\frac{\partial f}{\partial_{X_{1}}}(x)\psi=\frac{\partial f}{\partial x_{2}}(x)\psi=\cdots=\frac{\partial f}{\partial x_{n}}(x)\psi=0\}$
$H_{f}$
$\sum c_{\lambda}[_{\overline{x}}r_{+}^{1}T]$
$\sum c_{\lambda}\xi^{\lambda}$ $n$ $\xi=(\xi_{1}, \xi_{2}, \ldots, \xi_{n})$ $n$ $x$
$\succ$
$\varphi$ $\varphi:=c_{\lambda}\xi^{\lambda}+\sum c_{\lambda’}\xi^{\lambda’}$ $\xi^{\lambda}$
$\xi^{\lambda’}$
$\lambda$ $\lambda$ ’
[1, 6, 18] $H_{f}$ $f$
$f$ $H_{f}$
22
$w=$ $(w_{1}, w_{2}, \ldots , w_{n})\in N^{n}$
$n$ $x$ $\alpha=(\alpha_{1}, \ldots, \alpha_{n})$ $x^{\alpha}$ $\prod_{i=1}^{n}x_{i}^{\alpha_{\backslash }}$
1. 1. $x^{\alpha}\in \mathbb{C}[x]$ $w$ $d$ $d=|x^{\alpha}|_{w}:= \sum_{i=1}^{n}w_{i}\alpha_{i}$ $|$
2. $f\in \mathbb{C}[x]$ $(d;w)$ $f$ $w$
$d$
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3. $f$ $\mathbb{C}[x]$ $\sigma rd_{W}(f)=\min$ { $|x^{\alpha}|_{w};x^{\alpha}$ $f$ } $(ord_{w}(0) :=-1)$
$f$ $(d;w)$ $f$ $f=f_{0}+g$
$f_{0}$ $(d;w)$ $ord_{w}(g)>d$ $g=0$
( )
$f_{0}=x^{3}+y^{7}\in \mathbb{C}[x, y]$ $w=(7,3)\in \mathbb{N}^{2}$ $f_{0}$ (21; (7, 3))
21 $f=x^{3}+y^{7}+2xy^{5}\in \mathbb{C}[x, y]$
$w=(7,3)\in N^{2}$ $xy^{5}$ 22 $x^{3}+y^{7}$ 21



















4. $(d;w)$ $d;w$ ) $(t)= \sum_{i=1}b_{i}t^{a:}m$ $($ $b_{i}\in N)$ $H_{f_{0}}$











Input: $f_{0}:(d;w)$ W: $\succ$ :
Output: $Q$ :Hf ( ),
BEGIN
$Garrow$ { $x^{\alpha}|$ $1\leq i\leq n$ }
$G’arrow\{\xi^{\alpha}|x^{\alpha}\in G\}$
$Qarrow K[\xi]/\langle G’\}$ ( $\langle G’\rangle$ $G’$ )
$Q_{w}arrow\{\deg_{w}(\varphi)|\varphi\in Q\}$
$D_{P(d;w)}arrow$ $P_{(d;w)}(t)$ 4
$Darrow D_{P(d;w)}\backslash Q_{w}$ ;
while $D\neq\emptyset$ do
$Narrow$ { $k|D$ }; $Darrow D\backslash N$
LL $arrow$ $k\in N$ $(*1)$
$Larrow$ LL $\succ$ 2 $\{h_{1}, h_{2}\}$ ;LL $arrow$ LL $\backslash \{h_{1}, h_{2}\}$
$jarrow N$
while $j\neq 0$ do
$p_{1} arrow\xi^{\lambda}+\sum_{\alpha\in L\backslash \{\lambda\}}c_{\alpha}\xi^{\alpha}$
( $c_{\alpha}$ $\lambda$ $\succ$ $L$ ) $(*2)$
if $\mathscr{H}\cdot p_{1}=0$ $c_{\alpha}$ $(i=1, \ldots, n)$ then
$parrow p_{1}$ ; $Qarrow Q\cup\{p\};jarrow j-1$
end-if
$Larrow L\cup$ {LL $\succ$ }





1 $(*1)$ $k$ [6, 18]
$(*2)$
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$p_{1}$ $\frac{\partial f_{0}}{\partial x_{1}}(x)\cdot p_{1}=\frac{\partial f_{0}}{\partial x_{2}}(x)\cdot p_{1}=\cdots=\frac{\partial f_{0}}{\partial x_{n}}(x)\cdot p_{1}=0$
[6, 18]
5. 1 $f_{0}=x^{3}+xy^{5}\in \mathbb{C}[x, y]$




$\frac{\partial f_{0}}{\partial y}$ $G=\{x^{2}, y^{5},xy^{4}\}$
$x$ $\xi,$ $y$ $\eta$ $G$ $\xi,$ $\eta$ $G’=\{\xi^{2},\eta^{5}, \xi\eta^{4}\}$ $\mathbb{C}[\xi,$ $\eta|/\langle G’\rangle$
$Q=\{1, \xi, \eta, \xi\eta, \eta^{2}, \xi\eta^{2}, \eta^{3}, \xi\eta^{3}, \eta^{4}\}$






10, 12, 14, 16 10 $\xi^{2},$ $\eta^{5}$
$p_{1}=\xi^{2}+c_{1}\eta^{5}$ ( $\xi\succ\eta$ )
$\circ$
$\frac{\partial f_{0}}{\partial x}\cdot p_{1}=\frac{\partial f_{0}}{\partial y}\cdot p_{1}=0$
Cl $c_{1}=-3$ $p=\xi^{2}-3\eta^{5}$ 12, 14, 16
$Q\cup\{\xi^{2}-3\eta^{5}, \xi^{2}\eta-3\eta^{6}, \xi^{2}\eta^{2}-3\eta^{7}, \xi^{2}\eta^{3}-3\eta^{8}\}$
$H_{fo}$ $H_{f}$
6 ([9]). 1 $H_{f_{0}}$ $Q$ $Q$ $\# Q=k$ $Q:=$
$\{q_{1},q_{2}, \ldots,q_{k}\}$ $i=1,$ $\ldots,$ $k$ $\deg_{w}(q_{i})>\deg_{w}(g_{i})$ $h_{i}=q_{i}+g_{i}\in H_{f}$





Input: $f:(d;w)$ w: $\succ$ ;
Output: $H:H_{f}$ ( ),
BEGIN








L $arrow$ q( ) $(*3)$
$h arrow q+\sum_{\alpha\in \text{ }}c_{\alpha}\xi^{\alpha}$
$H_{f}$ ( $c_{\alpha}$ ) $(*4)$
$Harrow H\cup\{h\}$










[OS: Windows 7, CPU: Intel(R) Core(TM) $i7$ CPU 920@ 2.67 GHz 2.67 GHz, RAM: 8 GB]
$Risa/Asir$ version 20091015 (Kobe Distribution)
2
[18]
1 $)$Risa$/Asir$ ( ) [12] OpenXM
$Risa/Asir$











$m$ $a:=a_{1},$ $\ldots,$ $a_{m}$
$V(fi, \ldots, f_{s})=\{(b_{1}, \ldots, b_{m})\in \mathbb{C}^{m}|f_{1}(b_{1}, \ldots, b_{m})=\cdots=f_{8}(b_{1}, \ldots, b_{m})=0\}$
3 $H_{o}$
$f_{0}$
[5, 13, 19] (stratify)
(1) $0$ (strata)





ify) stratum stratum A $B$
















3. ( 1 Hf )
Input: $f_{0}:(d;w)$ w: $\succ$ :
Output: $\{(A_{1}, Q_{1}), \ldots, (A\downarrow, Q\iota)\}$ : Ai $\subset \mathbb{C}^{m}$ $Q_{i}$ $H_{j_{0}}$ $(i=1, \ldots, l)$ ,
{ $B_{1},$ $\ldots$ , $\mathbb{B}$kl}: stratum
BEGIN
$\{B_{1}, \ldots, B_{k_{1}}\}arrow f_{0}$
$\{A_{1}, \ldots, A_{k_{2}}\}arrow f_{0}$





for $A_{k}$ each $k=1,$ $\ldots,$ $k_{2}$ do
$Zarrow ZUpara_{-}alc(A_{k}, D, Q, f_{0})$
end-for
return $(Z, \{B_{1}, \ldots,B_{k_{1}}\})$
END
4. para $-a|c(A, D, Q, f_{0})$
Input: 3
Output: $\{(A_{1}, Q_{1}), \ldots, (A_{l}, Q\iota)\}:A_{i}$ $Q_{i}(i=1, \ldots, l)$ Hf $A=A_{1}\cup\cdots\cup A_{l}$ ,
BEGIN
if $D=\emptyset$ then retum $(A, Q)$ end-if
$Zarrow\emptyset$ : $Narrow$ { $k|D$ }; $Darrow D\backslash N$
LL $arrow$ $k\in N$
$Larrow$ LL $\succ$ 2 $\{\alpha_{1}, \alpha_{2}\}$
LL $arrow$ LL $\backslash \{\alpha_{1}, \alpha_{2}\}$
$jarrow N$
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$\{(A_{1},Q_{1}), \ldots, (A_{t},Q_{t})\}arrow para_{-}1inear$-form$(j,A,L, LL, Q,f_{0})$





5. paraJinear-form $(j,A,L, LL, Q, f_{0})$
BEGIN
if $j=0$ then return $(A, Q)$ end-if
$Z arrow\emptyset;parrow\xi^{\lambda}+\sum_{\alpha\in L\backslash \{\lambda\}}c_{\alpha}\xi^{\alpha}$
( $c_{\alpha}$ $\lambda$ $\succ$ $L$ )
$\{(A_{1},p_{1}), \ldots, (A_{s},p_{8})\}arrow\perp\partial x_{i}\partial_{0}.p$ $c_{\alpha}$ $p_{1}$ ( ) $(*5)$
$\{B_{1}, \ldots,B_{s’}\}arrow$ stratum ( ) $(*6)$
$Larrow L\cup$ {LL $\succ$ };LL $arrow$ LL $\backslash$ {LL $\succ$ }
for $(A_{k},p_{k})$ each $k=1,$ $\ldots,$ $s$ do
$Zarrow Z\cup para_{-}1inear$-form$(j-1,A_{k},L, LL, Q\cup\{p_{k}\},f_{0})$
end-for
for $B_{k}$ each $k=1,$ $\ldots,s’$ do







$B_{j}$ $(i=1, \ldots,s,j=1, \ldots,s’)$
2 Hf
strata 2
6. ( 1 $H_{f}$ )
Input: $f:(d;w)$ w: $\succ$ :
Output: $H:H_{f}$ ( ),
BEGIN
$Zarrow\emptyset$ ; $Garrow$ { $x^{\alpha}|$ $1\leq i\leq n$ $\frac{\partial}{\partial}x_{i}L$ }; $G’arrow\{\xi^{\alpha}|x^{\alpha}\in G\}$
$Harrow K[\xi]/\langle G’\rangle$
$\{(A_{1}, Q_{1}), \ldots, (A_{s}, Q_{s})\}arrow$ 3 Hf
for $(A_{k}, Q_{k})$ each $k=1,$ $\ldots,$ $s$ do





7 semi-quasi $(A, Q, H, f)$
Input: 6
Output: $\{(A_{1}, H_{1}), \ldots, (A\downarrow, H_{l})\}:A_{k}$ $H_{k}$ $H_{f}$ $A=A_{1}\cup\cdots\cup A_{l}$ ,
BEGIN





$h arrow q+\sum_{\alpha\in L}c_{\alpha}\xi^{\alpha}$
$\{(A_{1}, h_{1}), (A2, h_{2}), \ldots, (A_{s}, h_{s})\}arrow\frac{\partial f}{\partial x_{i}}\cdot h=0$ $c_{\alpha}$ $(i=1, \ldots, n)(*7)$
for $(A_{k}, h_{k})$ each $k=1,$ $\ldots,$ $s$ do






7. $f=x^{3}+y^{10}+axy^{7}+bxy^{8}$ $x,$ $y$ $a,$ $b$
(10, 3) (10, 3) $f_{0}=x^{3}+y^{10}$
3 $H_{fo}$ 1





$\{\eta^{5}\xi,$ $\eta^{4}\xi,\eta^{3}\xi,\eta^{2}\xi,\eta\xi,\xi,\eta^{6},\eta^{5},\eta^{4},\eta^{3},\eta^{2},\eta,$ $1,$ $- \frac{1}{3}a\eta\xi^{3}-\frac{1}{3}b\xi^{3}+\frac{7}{30}a^{2}\eta^{4}\xi^{2}+\frac{1}{2}ba\eta^{3}\xi^{2}+\frac{4}{15}b^{2}\eta^{2}\xi^{2}+\eta^{8}\xi-$
$\frac{7}{10}a\eta^{11}-\frac{4}{5}b\eta^{10},$ $- \frac{1}{3}a\xi^{3}+\frac{7}{30}a^{2}\eta^{3}\xi^{2}+\frac{1}{2}ba\eta^{2}\xi^{2}+\frac{4}{15}b^{2}\eta\xi^{2}+\eta^{7}\xi-\frac{7}{10}a\eta^{10}-\frac{4}{5}b\eta^{9}$,



















8. 1 $f=x^{3}+y^{10}+axy^{7}+bxy^{8}$ $x,y$
$a,$ $b$ (10, 3) (10, 3) 2
$H_{f}$
$V(a, b)$
$\{\eta^{8}\xi, \eta^{7}\xi,\eta^{6}\xi, \eta^{5}\xi,\eta^{4}\xi, \eta^{3}\xi,\eta^{2}\xi, \eta\xi,\xi, \eta^{8}, \eta^{7}, \eta^{6},\eta^{5}, \eta^{4},\eta^{3}, \eta^{2},\eta, 1\}$
$V(a)\backslash V(a, b)$
$\{\eta^{6}\xi,$ $\eta^{5}\xi,\eta^{4}\xi,$ $\eta^{3}\xi,\eta^{2}\xi,$ $\eta\xi,\xi,$ $\eta^{7},$ $\eta^{6},$ $\eta^{5},$ $\eta^{4},$ $\eta^{3},$ $\eta^{2},$ $\eta,$ $1,$ $- \frac{1}{3}b\xi^{3}+\frac{4}{15}b^{2}\eta^{2}\xi^{2}+\eta^{8}\xi-\frac{4}{5}b\eta^{10},$ $\frac{4}{15}b^{2}\eta\xi^{2}+\eta^{7}\xi-$
$\frac{4}{5}b\eta^{9},$ $- \frac{1}{3}b\xi^{2}+\eta^{8}\}$
$\mathbb{C}^{2}\backslash V(ba)$
$\{\eta^{5}\xi,$ $\eta^{4}\xi,$ $\eta^{3}\xi,$ $\eta^{2}\xi,\eta\xi,\xi,\eta^{6},$ $\eta^{5},$ $\eta^{4},$ $\eta^{3},$ $\eta^{2},$
$\eta,$ $1,$ $- \frac{1}{3}a\eta\xi^{3}-\frac{1}{3}b\xi^{3}+\frac{7}{30}a^{2}\eta^{4}\xi^{2}+\frac{1}{2}ba\eta^{3}\xi^{2}+\frac{4}{15}b^{2}\eta^{2}\xi^{2}+\eta^{8}\xi-$
$\frac{7}{10}a\eta^{1}1_{-\frac{4}{5}b+\frac{1}{2}ba}\eta^{10},$$- \frac 1}{3}a\xi^{3}+\frac{7 {30 a^{2} eta^{3}\xi^{222}+\frac{4}{15}b^{2}\eta\xi^{2}+\eta^{7}\xi-\frac{7}{10}a\eta^{10}-\frac{4}{5}b\eta^{9}$ ,
$\frac{7}{30}a^{2}\eta^{2}\xi^{2}+\frac{7}{30}ba\eta\xi^{2}+\eta^{6}\xi-\frac{7}{10}a\eta^{9},$ $- \frac{1}{3}a\eta\xi^{2}-\frac{1}{3}b\xi^{2}+\eta^{8},$ $- \frac{1}{3}a\xi^{2}+\eta^{7}\}$
$V(b)\backslash V(a, b)$
$\{\eta^{5}\xi,$ $\eta^{4}\xi,$ $\eta^{3}\xi,$ $\eta^{2}\xi,\eta\xi,\xi,$ $\eta^{6},$ $\eta^{5},$ $\eta^{4},$ $\eta^{3},\eta^{2},$
$\eta,$ $1,$ $- \frac{1}{3}a\eta\xi^{3}+\frac{7}{30}a^{2}\eta^{4}\xi^{2}+\eta^{8}\xi-\frac{7}{10}a\eta^{11},$ $- \frac{1}{3}a\xi^{3}+\frac{7}{30}a^{2}\eta^{3}\xi^{2}+\eta^{7}\xi-$
$\frac{7}{10}a\eta^{10},$ $\frac{7}{30}a^{2}\eta^{2}\xi^{2}+\eta^{6}\xi-\frac{7}{10}a\eta^{9},$ $- \frac{1}{3}a\eta\xi^{2}+\eta^{8},$ $- \frac{1}{3}a\xi^{2}+\eta^{7}\}$
4 stratum
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